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1. Introduction

In this paper, two types of dynamics of Particle Swarm
Optimization (PSO) embedded into upper and lower bounds
are presented. These dynamics have more powerful abilities
of searching the global optimal solution in a multi-peaked
function with more variables. The presented new type of
dynamics called “nonlinear operator model” and “nonlinear
variable transformation model” are introduced by discretiz-
ing inertial models on continuous time. After certifying sta-
bility and instability by the bifurcation diagram, the influ-
ences of model parameters settings on the global search are
investigated to achieve better performance than the orthodox
PSO dynamics in computer simulations.

2. Dynamic Models on Continuous Time

For typical optimization problems with upper and lower
bounds formulated as

the following new type of dynamic models of PSO embedded
into upper and lower bounds.
Nonlinear operator model:

du”(t) _ P P

= —au (£) FOP(£) oo (2a)
d”dt(t) — C[FP (&P (t),t) + C(&P(t), )]+~ (2b)
FP(mP7t) — cl{mp(Tp(t)) _ a:P} ................ (QC)
C(z",t) = cg{a:Q(t)(To(t)) —xP} (2d)

Nonlinear variable transformation model:

duP (t)

= = —aup(t) + ’Up(t) ...................... (33)
dv” (t) P (0P P

= PP (P (), 8) + C (), )] oo (3b)
Fp(up7t) = {up(Tp(t)) _ uP} ................ (36)
C(uP,t) = co{u® D (TO(t)) —uP} - veeeeennnn (3d)

In both models commonly, the p-best, the g-best and the
output function are

T"(t) = arg:nin{E(mp(T)) [0< T <t} evvvvennns (4a)
Q),T°(t)) = ar(gm)in{E(mq(T)N
G=1,- P, 0T <t} oo (4b)

() = fi(uP()) = LEPexP (Ui ()
7 7 i (

i=1,---

respectively. On the other hand, it is noticed that the driving
forces of the particle swarm depend on output variables in
(2b) and on state variables in (3b).

3. Discretized Models

By discretizing the above two types model, the discrete
model are obtained. The discretised version of Eq.(2a) or
(3a)is

uP(k+1) = (1 — aAT)uP (k) + AT (k), - (5)

and Eq.(2b)and(3b)are followings repectively.
Nonlinear operator model:

vP(k + 1) = vP (k) + cAT[F?(z" (k), k) + C (" (k), k)]

4. Computational Results

The computational result for Rastrigin function, which is
one of bench marks, is shown in Table 1 when the number
of variables is increased. The convergence rate of gbest to
global optimum through 1000 trials by each model with 20
particles is shown in Table 1. Each computational simulation
is ended in 1000 iterations. In case(1), ciandczare random
and AT is relatively big. In case(2), ciandczare random and
AT is relatively small. In case(3), ciandcoare constant and
AT is relatively big. Incase(2), ciandcsare constant and AT
is relatively small.

Table 1. Convergence rate to the global optimum
for increase of the munber of variables
model | case | n=3 n=5 n=10
(1) [97.5% | 99.9% | 99.7%
No @ [ 54% | 04% | 0.0%
(3) | 54.6% | 15.7% | 3.0%
(4) [65.7% | 39.2% | 15.7%
1 [81.3%[51.3% | 11.4%
Np @) [216% | 04% | 0.0%
3) [51.4% [ 21.5% | 9.9%
@) | 75.2% | 50.2% | 28.2%
PSO 30.4% | 0.0% 0.0%

—15—



%lll
)

EFERFEISICEA U A% 72 Particle Swarm Optimization
DT DI & PR

kar FH O OHE

ik

BOMRE JERHEE

Bifurcation and Convergence of Particle Swarm Optimization Dynamics

Embedded into Upper and Lower Bound

Hideki Murata®, Non-member, Eitaro Aiyoshi*, Member

In this paper, we propose two types of dynamics of Particle Swarm Optimization (PSO) embedded into

upper and lower bounds, which have more powerful abilities of searching the global optimal solution on their

bounded constraints. The new type of dynamics called ”nonlinear operator model” and "nonlinear variable

transformation model” are inertial models, which are introduced by discretizing the convolution integral form

on continuous time. After certifying stability and/or instability including chaos of dynamics by the bifurca-

tion diagrams, the infuences of model parameters settings on the global search are investigated to achieve

better performance than the orthodox PSO dynamics in copmutational simulations for a few benchmark

objective functions.
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Foa—INVAy NI—=ZDETIVIZHONL V TEA

FEEZERILTH 5,
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TNEIREERBL L T bR L 21T 2&IC& o T, ETF
RIS tE % DRI E S ¢ 2 ISR L2556 2 LT
&5,

2512, 20X LERLRHIRGEOFIBNTH LA
ToHERRE RIS BT, ZOREALOY > 7)) v T8 T A —
ERELLLTARENESED &, A ABEPHNLT
REMEAH D 2 EDHOENTWESE DO FZ TARRILTIE,
FOMHALDT > 7)) VTN G XA =5 RELTHIEIC
£o7T, PSO DHFEREALENSE, TDETIANLH
FABLDHND Z LR L, TONFAETIVITHT
BDIREEEIC X o T, RIBAE# T %5 5 5EER % PSO €
TIVERET S,

LT AT, RO PSO DHFERTO—ERDINT XA — %
DORERMIFENE, WHITRFNLRES &2 5L Tws 2
ETHY, FERITHKR EWERIFRIEO KRR 121
EVENLLDEEbND, —F, KX TRET S L
TRRHIFIZHDIAA 72 PSO DFIFERETIVIL, FOFEH
FH A R WR ISR E SN A 720, & LA D/NT
A — 5 ORERNIRB DRSS NS, F72, ETIRHE]
Rl FHEBICTFERDVHA LA b b 720, KT
EOPWHRE LT L HEHETICALEIRED T F i L <
WTh, BEDEETHREDIRETH 2V hHW 5 g-best 12
HEHLTWAEREY, KIBMREROFELE &I RS
WHDEMIEEEIND, &I, AFAEREELET, 20
B REHEEEMEETEWE, FO8E0 RIS Rk#E
REOFERESHHEL B2V O LIS, 22T, K
T, RFET S ETREFICHE DA A PSO 715554
EFNOIHEMEREIZDWT, ZBEHEEONY F<v— 712
L OME LR R E R,

2. BEARRFREIEMERR (W) HERPSO TV
ANEE TS M fre i AL R RE

2L T20D PSO EFLVERH S 6

(2:1) 1BMERELTOPSO 7L £, PSO®D
NFRELTOEMEZ2 572012, EERAVE—DEA
REZLE, TOHEHAI

zk+1l)=xk)+Ax(k+1) - --covreenn (2a)
Ax(k+1) = Mz (k) + ci{z(l(k)) — x(k)}

1(k) = axgmin{ E(2(i)) [ i = 0,1, K} (2)
x(0), Az(0); given, k=0,1,2,---

Elbo 12721, U(k) SRk ORI TICHEB E &k
YRS LIBEORLITH D, T 2T (2b) NOALLE 2
Hz

F(z,k) = ci{a(l(k)) — @} vevoemnnnnnn (3)
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EBpE, (2b) i
Ax(k+1) = Mz(k) + F(x(k),k) ~-oovveees (4)

Yt &g, CITF O 2EBHOR kL IK) Dk
THY, BEEF PRk OEBICEREEZEEZ T T %
ERLTVD, (2a) e (4) X025 Ax(k) 2THET &,

x(k+1)— 1+ Nax(k) + Ax(k—1) = F(x(k), k)

Jom 1,2, e (5)
PRONT, FRERE LT1 LN EET S 2RESHEKX
THHILHbPD, ASODLESEHTLENbhL 5L,
512, (5) AznT, Mt (F1y) B THIET &,

k

a(k+1)=x(k)+> NTF(a(i),i) + N Az (0)
=0

.................... (6a)
F(x2(0),0) = c1{z(0) —x(0)} =0 --------- (6b)
&, WH 2 IZEED F(x(i),i), i=0,1,---  k—1%

BEAN T CEAAATENTLIEBERTH L Z by
bo TITIRIC k & IZHERIIRIC

14—'(;B7 k) = —61VE(m) ....................... (7)

LB, AREIENRTH S, HREIBITS —VE(x)
&, ¢ IZBWTHEE 2 RICRbED SELHTH
DR LT, PSO TIEAREH b0 IZ (3) XNEH
WTWEZ IR B, x(l(k) 2REDOEERFITL - L b
EZ/NSKTHHRETHLZI DD, Q)R F b55%
BORILEOEBE OBATNES2 50D THDZ LN
B Db,

2512, mREOESFRRIINERIRERI L Hv 5 O
BHICTH L0, 2HEONEIKESR v, v ZFEAL,

W) = (k) cv e (8a)
vk)=xk) —x(k—1)=Ax(k)----- - (8b)
EBVT, (5) RENHRERIRIC LS LT T
u(k + 1) = ’u,(k) + ’U(k + 1) ................ (9&)
vk +1) = (k) + F(u(k),k) --ooevenns (9Db)

u(0),v(0); given, k=0,1,---

FEALTEL,

(2:2) B# (%) BERELTOPSO EF)V  #
BOWFE N EEHT5H PSO IF, LHEREERDETNVTH
b 22T, WEEEP (p=1,---,P) &L, zP(k) %
R p ORFZ B ICBIFAIRREL 35 &, FIfiOBEMERE L
CTOffk xP 25, Bk C(xP, k) 12 &> T, fhofkrso
WEEZTAETFNVELT

xP(k+1)=axP (k) + AxP(k+ 1) oonen- (10a)
Ax?(k+1) = MAxP (k) + FP(xP(k), k)
+ C(xP(k),k)-ovoeeeens (10b)



LEZDHTENTEDL, PSO DH4A, Bk FP 24T %
FIEKC &

FP(xP k) = c1{xP(IP(k)) —xP}--vvovennns (11a)
C(x? k) = 02{wQ(k) (1°(k)) —xP}---ne e (11b)

Thhe ZITI(K) R (Qk), 1°(k)) 12

17(k) = axgmin{ E(@?(1)) | 1= 0,1, k)

(Q(k),1°(k)) = ar(glgin{E(mq(l)) l¢g=1,2,-- P,

l=0,1,---,k:} .............. (12b)

Thb, £720P(k)IE, Bk FTIZIBWT, ik p 25
BEOEEboLb/hSLLAERIERLTNT, 20
IREE P (IP(k)) 1& PSO T p-best & idnTwb, F72,
(Q(k),1°(k)) 1, Bk £ TI2BWT, PRADEKDHT
B E OfEix o & /S C L7MEE T & 2 D% % &
L, Z0KEE zQ®) (1°(k)) 12 PSO T g-best & LR T
bo 22T, 1°(k) \EMEME p lHIE LTk 28RS T H
206, Q(k) % 1°(k) LoBICIZ

EV) BRAR Y 72D, £ 2AHT, g-best I2DWTIE, B
MEZEzIc#s 31, (12) KRB Tl=knihE L,
Q(k) = argmin{E(z(k)) | ¢ = 1,2,--- , P}

q

LBE, ZOMEOIRE PR % gbest DERE T LHE
bdHb, ZOLE (11b) KO C ITHIZ

C(x? k) = 02{wQ(k)(k) —xP(k)} (15)

Lho Qk) £phblE, ZOMMORLEThbok bR
VIREED MR Q (k) DIRAE QW) (k) 12, MEE p DIRKE 2P 7%
BT LD BT 5V b AT TH Y, 1°(k) < k
% 51E, (11b) Ri2BE DA 1°(k) DR Q(k) Dk
2R (1°(k)) BEEL TV, ZOREMA p DIREE 2
MO ) T 5, MEHICKEEND & 2 Rk G
EEVE D, (10) R0 5 AxP(k) 2WETHE, (5) LM
3

x”(k+1) — (1+ Na? (k) + AP (k — 1)

= FP(xP(k), k) + C(xP(k), k) --wvvveeveen- (16)

k:172a"' ) p:172a 7P
PEON, 2HEESHTEXDPHEST A2HERTHLI LN
bbb, £72, (17) XNEMTRE (Fi5r) B THE#E
T k ’

k
P (k+1) = a? (k)+ Y _ N [FP (2P (i), 1)
=0
+ C (2P (i),1)] + N1 AzP(0) - (17)
Lk, 12EL
FP(x?(0),0) = c{2”(0) —2”(0)} =0 ----- (18)
LY ho BLELY, #BEOME C(xP(i),i), i=0,1,--- ,k
FTODEA N TEAATINT VD EbO THMERE
YR THDH I EDHEEENG,
RIET & MRS, SRS &2 2 O NEIREE uP, P
AHEL,

up(k) = :cp(k) ........................... (193)
vp(k) = :cp(k) — :np(k — 1) ............... (19b)

uP( + 1) = ul’(k-) + vl’(k + 1) ........... (203)
vP(k+1) = P (k) + FP(uP(k), k) + C(uP(k), k)
................... (20b)
u?(0),v?(0); given k=0,1,2,---, p=1,2,---, P
L b,

3. EfkHE PSO E7 )V & ZORERREREET IV

(3-1) EEFERIEE PSO 7/ PSO OHH;
ENFRETNVERL L, ZOdEGbERAL L, (17) KX
X

BRAETIWVEBATLIENTE L, Ml T5Z L2
0, DI

d*zP(t) dxP(t)

di2 ta dt

LEMTHD, T TFP R Clkehen (11) R
LT,

FP(zP t) = ey {@P (TP(t)) — &P} «+vovene (23a)
C(x? t) = 02{mQ(t) (T°(t)) — &P} -oeeee (23b)
THY, SHI2TPE) R (Q(t), T°(t)) & (12) i3 L T
T7(t) = argmin{ B(2? (1) | 0 < 7 < t} ---- (24a)
(Q@%T%ﬂ;aﬁg&ﬂE@ﬂﬁD|q1w~,P
0T <t} oo (24D)
Thbo TP(t) FRHAERALL /22 L2 LY, HHRZ
T =0 25HMA 7 =t OMEfERRIXE [0,t] LMK p

IEEJ Trans. EIS, Vol.126, No.7, 2006
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D 2P (o) 12 LTI E 23R L, B ¢ 3 COM
2, ZOR/MEE 52 BB TP(t) %30k LT\ 2, B
A7 =113 A E R L T2 %4 BT 50T,
EOR/MEZ S 2 25 TP b 20 t OR%E LT TP()
Ll THh b,

BB, 2 B TRRCE SN2 EEIR R E 7L (22)
ROREERFI %

UP(E) = BP(L) e (25a)
vP(t) = dudt(t) FQUP(E) e (25b)

EBWOEAT S L, HEEIRRER (20) RISHE L7z R
DWERIREERILE T
duP (t)

7 =—auP(t) +vP(t) oo (26a)
W) _ o)1) + O (), 0]--- (26)
BRSNS, &l (25b) RORAEER o %
)
wr(r) = 24 1)

E—BIIZB VI NEREERET VO EZ BN L5,
(25b) KD & ) ICB VW, LltEREBORE{Lo <>
T = 712 B TR R D5 RN G720,
(25b) K& HH L7z,

(3:2) _LETER&IFERESE PSO E7/L L FERH
Ff il AL E
min E(Q’J) ............................... (28&)
subj.to p; <m;i <, i=1,---,m -voeenn (28b)

ZHEW 729012, o ETFRHF SN IR OEE % B
CirH72PSO ET7 NV & 2MHEAT 5, —2I3, HilFIFHIE
OBEFRIEDLIBEZOBRICT L —F 2 @07z [FER
AEHFEET V] &, R (28) OZF % 254 L TR L
L7238 72 2 S B 2 M BRI PSO EF V2 @A L7 (%
BEMETIV] Thbo DT TILRIE (28) DRI e 8
& EFREIF (28b) ONFICH B b DL T 5, B, Kl
B O ETRHEFOTER FI2h 2552 ERT 5121,

n

1 1

W(z) = §< —
DX AR A HBIE B RN L, iR A filR
BRNER I HRE) S 7R H BB BUC AR D T 7V 2§
T L v,
(1) FEHERRET N E ZORIRERBET L (28D)
KOMRIEMT LTT L —F % (21) ROETIVICHE
L7zETIVELT,

dzi(t) _ (2i(t) —pi)(gi — xi(1)

dt ¢ —pi
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BRESND, S 52Tk (7) & BRI
dai(t) _ daf(t) dui(t)

- v LU LI (31a)
day  (x7(t) —pi)(gi — 27 (1))
duP = RN (31D)
EERIREE uw ZEAT 5 L, WEIKEBETVE LT
d*uP(t) duP(t)
dt2 +a dt - C[F (mp<t)’ t) + C(:Bp(t), t)]
.................... (32)
PRon, ML LT
, ; —uP

1+ exp (—uf(t))

PEOND, 72751, FP(xP t) % C(xP,t) 1& (23a) &%
(23b) XKLELTHD, T72, p; =0, ¢ =1 DHH, (33)
X, =2—-FNVAy bPT—2OHRNEKTHL VDY
YITEA FEEBETHY, f:[—00,00] = (0,1) TH b, &
DETNOENEFRIL, CHk(7) LEETH 5,
WERIREEZHL £ 7L (32) W% & 512 1 By /iAEl oIk
RS HRBLE FVICI Y B 72012, (25b) e [ L% vP
FEATSE, (26) REHPOEFAI»EONL, IS
(23), (24) KB AFELL, (33) XML f; 2y S+
5L,

= = —auP(t) FVP(t) e (34a)
mﬁ”:@ﬂ@nmw+0@wmm ..... (34D)
FP(aP 1) = ey {aP (TP(t)) —aP} --ooovene (34c)
C(@,t) = co{ @ (T(t)) — P} oo (34d)
TP(t) = arginin{E(mp(T)) [0< 7 <t} - (34e)

(Q@%IWOD:ZMFH$KEXw%TDI
g=1,-,P, 0<7 <t}

bty ey = G B ()
R0 = fiwd ) = SRS

i=1,,n

Ll o EFIKOBEIZIE (26b) ROLLD FP 2 C OF|
Bl uPl THHEDIIW LT, ZOFREEHEZETT VIR
REZEHEAE TV T, IR (34h) RASHN. § 2 7290,
(34b) KOFLD FP 2 C D5l a? DEFTHHZ L
ICHEFELTIZL W,

(2) FHSHEHERET I EZOAPREREET L
(1) LERZLZNERERIETVEEL T 572012, F
3 (34h) K& M UEONXA 2 B BB 5720,

i + piexp (—vi)
xi = fi(y:) = BETIEDE
EB Lo TOZHRAZ HIR ST RTE (28) 1ITIUA L TR
x REET DL, By (T 2 EHIF RS



PEbhb, 72721,

F) = (), Falyn)T e (37)
Lo BRI (36) OZB y ISBIL T, AR

PSO 7L (22) 2D F V5 &,

2P P
: gﬁ(t) dydt(t) = c[FP(y"(1),1) + C(y" (1), 1)]
.................... (38)
135, 72721 FP % C 13 (23) RIS LT
Fp(yp,t) — cl{yp(Tp(t)) — yp} ........... (393)
Oy’ 1) = a{y®O(T(t) =y} oo (30b)

THD, LI TP

R (Q(t), T°(t)) & (24) &FHLT
BHbo 7272L, FOHEL

&1 (24) RI2BW T,

Tho7T, 38)NiF y? DNFRTH LA, LD FP R
C OfEE, 2l f 2B L7 2P 12X - T (24) RTokE
BT EITERELTUILV,

HIEG & FRR I IRAE L S %

'U,p(t) = yp(t) ............................ (413)
’Up(t) = dudt<t) + aup(t) .................. (41b)

EBCE, (26) NEF URBEHEIAPBEON S, ZOR
DHO FP 2 C OE#HFXSHTE, 512 (35) Ko
RIS f; % ST BRI ISR B &,

d%;(t) = —aUP () F VP () e (42a)
WA — P (0).4) + O (2).0)] - (420)
Fp(up,t) — cl{up(Tp(t)) _ up} .......... (420)
C(uP,t) = cofu® D (TO(t)) —uP} oo (42d)
TP(t) = arginin{E(mp(T)) [0<7 <t} - (42e)

(Q(t), T°(t)) = argmin{ E(z(r)) |

(a,7)
qzl,"',P, OSTSt}

Py — (P () = & +piexp(—uf(t)
Ty (t) - fZ( 7 (t)) 1+ exp (—uf(t))
1=1

RN ()

L, SITHET S I (34) NI ZET
VDAL, FP R C D5z xP ThHDHDITH LT,
C OIFFIEBERET VORBEDO I N D5 5L, uP T
HHZLETHY, SHIZHBEBFDET VT, p-best DR
TP?(t) X g-best DA Q(t) LW TO(t) DEHIZD
A, WP fi PHVWLNLZETH D,

908

4. ETIR&IFOBEEME PSO 7L

ARG TN LA 7B R 2 AL e S 2 5
&, WA ABRDPBIND WD H B Z EDHOENT W5,
ZITARETIE, AIECEALL [FEBEREET V]
& M ERERET V] OZO0ETIVE, TTH
TN TNT X =% AT CHEAL L, Z O FEREA
REALL CTHF AR 2 AR ERDL I LB EL D,

(1) FEEMAERRZ T T ILOBEE PSO E7 )L (34a),
(34b) K& H > 7Y ¥ Z8T A—4 AT O* 4 7 — T
by 5 L,

uP(k+1) = uP(k) + AT{v?(k) — au®(k)}

vP(k+1) =vP(k)
+ cAT[F?(xP(k), k) + C(xP(k), k)]

PEONDL, ThaeH#HEIRR T, (34c)~(34h) KIS
HRLMR B &,
uP(k+1) = (1 —aAT)uP (k) + ATvP(k)-- (44a)
vP(k+ 1) = vP(k) + cAT[FP(xP(k), k)

+ C(mp(k),k)] ............... (44b)
FP(x?(k), k) = er{xP (" (k) — 2" (k)}-- - (44c)
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Pk) = (P (k) = JiTPieXD (Ui (F))
i=1,--,n
Y20, (44a), (44b) RiE, (20) REFBOEFLE %
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(a) Nolinear operator model
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(b) Nonlinear variable transformation model
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Global bifurcation diagram for problem
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Table 1.
local optimum.

Convergence rate to the global and the

model

case

(a)

1

0.3%

10.8%

13.1%

70.7%

1.1%

15.4%

17.5%

64.7%

0.5%

11.9%

12.1%

70.6%

0.2%

10.1%

8.8%

80.6%

(b)

0.0%

0.3%

0.2%

99.0%

6.2%

17.0%

19.3%

54.6%

0.0%

5.8%

5.4%

88.7%

BIWIN[FAs]w N

0.0%

7.3%

7.1%

85.3%

PSO

1.7%

14.7%

12.5%

71.1%
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(a) Nonlinear operator model
(c=1.0,a = 0.65, c; = 3.994, cz = 0.006)
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(b) Nonlinear variable transformation model
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Fig.3. Global bifurcation diagram for problem(50).
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Table 2. Convergence rate to the global and the
local optimum.

case A B C

1 [975% | 1.0% | 0.7%
17.8% | 32.1% | 12.6%
60.7% | 12.4% | 5.9%
52.7% | 11.5% | 10.0%
79.7% | 1.3% | 0.0%
44.2% | 37.6% | 8.2%
63.2% | 14.1% | 6.8%
75.1% | 4.1% | 5.1%
61.5% | 33.6% | 2.8%

model

(a)

(b)

Bl Ww| N R~ w|

PSO

£33 RNFA—FDHE

Table 3. Parameter setting of proposed models.

AT
1.0
0.7

0.45

model | case a c co
1 0.8 | 1.0 | 0.006
0.8 | 1.0 2.0
0.75| 1.0 | 0.006
0.65 | 1.0 | 0.006
0.8 | 0.05| 0.01
0.5 | 0.05| 1.0
0.4 | 0.05| 0.01
0.64 | 0.05 | 0.01

(2)

1.0
0.2
0.2

(b)

B WIN | =W N

4 RO B RING i g POR =
Table 4. Convergence rate to the global optimum
for increase of the munber of variables.

model | case | n=3 n=>5 n=10 | n=20 | n=30
1 |97.5% | 99.9% | 99.7% | 98.0% | 93.6%
2 | 5.4% | 0.4% | 0.0% | 0.0% | 0.0%
&) 5 T506% | 15.7% | 3.0% | 0.2% | 0.7%
4 165.7% |39.2% | 15.7% | 4.3% | 1.9%
1 [81.3% |51.3% | 11.4% | 8.2% | 9.0%
(b 2 [21.6% | 0.4% | 0.0% | 0.0% | 0.0%
3 [51.4% | 21.5% | 9.9% | 2.7% | 2.1%
4 |75.2% | 50.2% | 28.2% | 15.2% | 12.9%
PSO 30.4% | 0.0% | 0.0% | 0.0% | 0.0%
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