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Solving the SIR Equations via the Stochastic Differential Equations with Some Applications
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The conventional SIR models given by the ordinary differential equations can be solved as an initial
value problem. The solution may be obtained deterministically if the initial values are appropriately
provided. However, disease spread phenomena show randomness. It would be more natural to deal with
such equations incorporating stochastic terms. In this note, we discuss the modeling for such stochastic
differential equations adapted to the SIR models

1 FUIc

S H, BEDIERE T2 Z O EMEE TRl 27813 5% . RENZ b DI, 1) EVEE
REHELE L 725 A F Iy 7 ADHBHREAIETH S SIRETIV(L,2], 2) 2—Y = + 25
ELZEETNV[Z], 2N Z2HAEDLRLEETIVI2], ) A vF—%y FRSNS ZHAL-ET
NI EDH 5 [4,5,6]. HED SIR € TIVIZEMD AR TE Z 64, PIHHEDE S 65 L FEH
MEEMIZED NS, Lo L, ~RICT VT LREEREET 2 H2HARTH D, SIR € TIOVICHER
WOHBEAZHCRZEBEZLONS. 22 TIE,SARS B ED L ) BEMZSEIC L Lo, R
WMo HBRRELTCEDL I RETANSEI b L LDERL 2.

2 SIREFIL
IR RO Z T T 272D SIRET L EZHVES, BRERIBETIZMANEZN LT LEE
N=S8@)+1(t)+R() 2.1

LRBEND. G, Bt DAY T2y 7108 BGERE S, BEZMEERE 1(r), BibEE (F
ZEEEERE VI ER() ET B LEE, DToBVHy R TREINS,

as@)
“a BS()I(r)
dl
A0 pswyn i) 22)
dRr(t)
= = vI(t)
T TR ISR, v I3OHEER R 2 RT I A—FTH B, TN6 DT X —F IZENIE
ERHOWTESEREZH S L TREMETOHBEERDZ Z L3 TE S,

15



INBDIRT A=Y ZHIET B IIFANEER Y, BBEDREBPHCENS. PIZIL, BIBETIE
UTTtHEZAbN%.

Mﬂ=ﬁ%%%§@ (2.3)
v = 20 _Ig)(t =D 2.4)
N H B EETEEMET B 2 L CHIRINEE L 72 B(1), 7(t) KD 2 2 EHTE S,
3 EERWATRER
R4l 1 12 BV BHERERE X = X (1) [0V THERM D TR L T o tRE 3 [8].
dX(t;) = u(t;, X (t;))dt; + 0 (1;, X (1;))dW (t;) (3.1)

772 L, M(Ii,X([,'))dli IEFY 7 ]‘IE:, G(Zi,X([i)) d W(t,') Ciﬂi\‘?jﬁlﬂk_ L, W(I,') X 1R 4 —F—
BThsd. ZDLE dW(li) Ciﬂﬁfaﬁi%ﬂﬂﬁ% At = tiy1—t; L E

AW (1) ~ Z(t:) /Aty 3.2)

& DS 0, S EE Ay DIERIATITHE S .

Skiadas[7] \&, EFBEROMAFITH 202 2T 4 v 7 94K T B iERMy HRR 0% 5
ZTCWD . HERM HERDOMIE Z D X ) ICIEMICER TE 2548 L8Ny S 21— a v T
fR% KD BIGEDH D, T TIESIR I L TRIBEELEZS.

4 FEERYPHHEREOD SIR EFI)L

SIR €7V, S(1),1(2),R(r) D 3 RUICHERIAZ FA L 7 MERB /T HEAELD SIR €7 VISIE B <D
PEZL6NS. P,
dS(ti) = —BS(Z{)[(Z,‘)dl,’+GdeS(li)
dl([i) = BS([[)I(Z,‘)dI,‘—'Yl(ti)d[,'-i-(f[dVV[(l,‘) 4.1)
dR(l‘,‘) = ’Yl(ti)dti+GRdWR(ti)

dS(t) = —BS()I(t;)dt; + osdWs(t;)
d[(li) = N*S(l‘,’) *R(l‘,‘) 4.2)
dR([,') = ’YI(li)dl‘,'—‘rGRdWR(li)

ds(t;) = —BSE)I(t)dt; +csdWs(t;)
dl(t;) = BS()I(t)dt; —vI(t;)dt; + o dWi(t;) (4.3)
dR(t;) = N—S(t)—1(t:)

ds(t) = —BN—I(t;)—R(t;)

d](li) = BS(li)I(li)dti — ’YI(Ii)dli + G[dVV](ti) 4.4)
dR([i) = ’YI([i)dli + GRdWR(li)

16



TdH 5 [10]. H 5\

dS(t) = —PB1(t;)S(t:)dti + osdW (1)
dl(l‘i) = {BS(Z,) —'Y}[(l‘i)dli-i-(?[dW(l‘i) (45)
dR(tl') = 'Yl(l‘i)dli+GRdW(l‘i)

T, ZORBOEFLICOVTEHRT S

5 WEHHABEREDSIR EFTILD/INTA—FHE

51 LBUBD/INTXA—5#TE

JEBAREL 65,0/ 1DV, ST X = I HEEDFREZIT) . £3 o5 12OV T
dS(t;) = —BI(t;)S(t;)dt; + o5dW (1;)

DA% 2T T 5.

{dS(6)}? = {—BI()S(t)dti +csdW (1)}
{B1(t:)S(1:)}>(d;)* + {2B1(1:)S(t;) o5}t dW (1;) + o5 {dW (1;) }*

Z 2 THEOAA

dW (t;)dt = dtdW (t;) = (dt;)*> =0 (5.1)
{dW (1;)}* = dy; (5.2)
£ D ROBIRAE NS,
{dS@w)y* = o3{aw(n)}?
= Gédti

dS(l‘,') = S([[+1) — S(l‘,’) ) d[,' = tir1—t & i&ﬂy‘(f? %k {ﬁr/‘Ej— 5 & ﬂ&gﬂ&%ﬁ 05([[) =4

S(tiv1) = S(t:)
N

cHEHE NS, ZoXHIFHEZ NS & IABRE o5 DRLHEM S5 AT D L) IKFGohn 3.

os(1;) = (53)

— tl+1 )
5.4
; vV tl+1 t; ( )

[ARRDFH TINHIREL o7, 08 DIRAHEEN S/, BFEFSNS.

l’l*

— lt+l )
(5.5)
; Vg1 —
(= R [1+1 )

(5.6)

S(t;) +1(t;) + R(1;) = N & D JEHAR B D I AHEE N 67,67, DIBANL 0127 5.

17



52 RUTZNEDONFIX—FHE

WKRY 7 PEICFET S B, y DT XA —=FHEEHFICOWTRRS, ZN65DRTFRXA—F %
f&nﬁé IEH D SIR T 7L L FRRICHRIBES 23

v = K= (t,( 1)> —

(5.8)

X0 B@), v(t) DRAHEEM B (1), 1) Z o OROEIEEZ L2 2 L THRONS. CDL &,
dW (1)) 13 0, B Ar DIEBSARICHE D) 2 &5

E[dW (1)) =0 (5.9)

dt; =t — 1 EERIT S &

~ LN S(tie1) — S(n)

- ”*1;S(Ii)1(zi)(t,+1 1) (5.10)
1(n) = E[(n)]

~ 1 " R() - R(i)

=15 1)t — 1) (5.11)

53 AA7— - RE

MR HRRDBUEE O TIEL TEA A 7 — « AULEE[9) 2T 2. 228, dW, 1ZIEHEEHY
GLBUC X D FEHRT 3. FEH0, 08 AL OERDAICHES &3 2. Ay ZRFBNETH 3.

X(tir1) = X (&) + W (i, X (1)) At + 6 (11, X () Z(t:)/At; (5.12)
AKETNVOEHRIILUTOL I IcRINS.
) ( ) (tz)Att+GS( ) ()\/E

(t:
+{B (1)S(t:) — (1) Y (1) At + 81 (1) Z(1:)\/ Aty (5.13)
F(6) (1) At + Sr(t:)Z(t:) /Mt

A~

S(tiv1) = S(t)—
I(tiy1) = I(t)+
R(tiv1) = R(t)+
6 EiE
NUFEy 7 PRlE AN E LT, SIR € TIVICHERM S H AR O BUERE 2 lad b e T
VI oWTEER L 72, 5%, BT T OLECICMN A E/$T A — 8 2@ ek 3 751k
AT TOE, Bl S 2L —a v 2B L GEAERZYMEIC OB TR L &hs, S
YTy 7 DOFEFICHEHIETWEL D,

18



ELP N

[1] Kermack, W. O., McKendrick, A. G., 1933. Contributions to the mathematical theory of epidemics-
iii. further studies of the problem of endemicity. Proceedings of the Royal Society 141A, 94-122.

[2] R. Anderson and R.May, Infectious diseases of humans: Dynamics and control, Oxford University
Press, 1991.

[3] S.Eubank, Scalable, efficient epidemiological simulation, Proceedings of the 2002 ACM symposium
on Applied computing, (2002) 139-145.

[4] J. Ginsberg, et.al., “Detecting influenza epidemics using search engine query data,” Nature 457,
1012-1014, 2009.

[5]1 A. Culotta, “Detecting influenza outbreaks by analyzing Twitter messages,” Science, 16, Issue: May,
1-11, 2010.

[6] Hideo Hirose, Liangliang Wang, “Prediction of Infectious Disease Spread using Twitter: A Case of
Influenza,” the 5th International Symposium on Parallel Architectures, Algorithms and Programming
(PAAP’12), pp.100-105, 2012.

[7] Skiadas, C.H.:Exact Solution of Differential Equation: Gompertz and Generalized Logistic, Method-
ology and Computing in Applied Probability, Vol.12 (2009), pp.261270.

[8] Bksendal, B.: Stochastic Differential Equations, Springer-Verlag Berlin Heidelberg (1998). (M
B AR MERBOREK, 22 7Y A= - P vk (2009))

[9] Y. Saito, The Modified Heun Method for Stochastic Differential Equations, Transaction on JSIAM,
vol.21, no.4, pp.323-333, 2011.

[10] R, 41, SIR HERM i RERUC & 280 7 3 v 7 @7, HASHBEEESA 2011 4EE4ES, 14p-
G3-3, p.121-122 (2011)

[11] BEWMEEHE, <> 7 2 v 7 0P L MGEHE, Bt —T #EHET 4 570 2, 2014.8.

[12] H. Hirose, Pandemic Simulations by MADE: A combination of Multi-agent and Differential Equa-
tions, with Novel Influenza A(HIN1) , Information, Vol.16, No.7B, pp.5365-5390 (2013)

[13] Yoshihiro Maki, Hideo Hirose, "Infectious Disease Spread Analysis Using Stochastic Differential
Equations for SIR Model, ” the 4th International Conference on Intelligent Systems, Modelling and
Simulation (ISMS 2013), pp.152-156, 2013.

[14] WHO(World Health Organization), Cumulative Number of Reported Probable Cases of Severe
Acute Respiratory Syndrome (SARS),

http://www.who.int/cst/sars/country/en/index.html

19





