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Abstract

In this paper, an aperiodically adaptive intermittent control scheme combined with pin-

ning strategy is proposed for outer synchronization between two general complex delayed

dynamical networks. Through constructing a novel piecewise auxiliary function, some suf-

ficient conditions for outer synchronization are derived based on the reduction to absurdity

and piecewise analytic method. Different from the periodically intermittent pinning control,

here the adaptive intermittent pinning control can be aperiodic. Additionally, an effective

pinned-node selection scheme is provided to guide what kinds of nodes should be pinned

first. Numerical simulations are finally given to illustrate the effectiveness of the obtained

theoretical results.
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1 Introduction

Over the past decade, complex dynamical networks have been extensively in-

vestigated in diverse fields of science and engineering, for many natural and man-

made systems can be described or modeled by complex dynamical networks [1–4].

In general, a complex dynamical network is a large set of interconnected nodes,

where each node is a basic unit with specific dynamics and each edge represents

the relationship or connection between them. Typical examples of complex dy-

namical networks include ecosystems, electricity distribution networks, neural net-

works, biomolecular networks, and social networks [1–3]. As a typical collective

behavior, synchronization of complex dynamical networks has attracted more and

more attention. This is partly due to its wide applications in many areas, such as

parallel image processing, pattern recognition, secure communication. Up to now,

a wide variety of synchronization criteria have been reported for various complex

dynamical networks, see [4–12] and relevant references therein.

In reality, there exist two kinds of synchronization phenomena in dynamical

networks: inner synchronization and outer synchronization [5,13–17]. Generally

speaking, inner synchronization is referred to as synchronization occurring inside a

dynamical network [5–9]. This kind of synchronization has been observed in many

realistic networks, for instance, synchronized rhythms of cellular clocks within

the mammalian suprachiasmatic nucleus [13], and neuronal synchronization in the

brain and the entire nervous system [14]. Differing from the inner synchronization,

synchronization exhibited between two or more dynamical networks is regarded as

outer synchronization [15]. This phenomenon also widely exists in our real world,

for example, collective behavior between groups of Drosophila clock neurons [16],

balance between predator-prey communities in ecology [15], and the spread of dis-

eases, such as SARS and bird flu, between two communities [17]. Owing to its

2



theoretical and practical importance, outer synchronization between two dynam-

ical networks has drawn much attention in recent years [15,18–26]. In [15], Li

et al. firstly investigated the outer synchronization between two coupled complex

dynamical networks. In [18–20], adaptive control method was adopted to synchro-

nize two complex dynamical networks with or without delay. In [21], with a non-

linear control scheme, the problem of generalized outer synchronization between

two different complex dynamical networks was addressed. In [22], Asheghan et al.

considered the outer synchronization between two coupled complex networks with

fractional-order dynamics. In [23], Wu et al. explored the outer synchronization

of uncertain complex delayed dynamical networks with adaptive coupling. In [24],

Sun et al. analyzed the effect of noise on the outer synchronization between two

unidirectionally coupled complex dynamical networks. In [25], the lag synchro-

nization between two coupled dynamical networks via pinning control was studied.

In [26], the outer synchronization between drive-response networks under adaptive

impulsive pinning control was discussed.

It should be noted that the control strategies presented in most of previous

works on outer synchronization are continuous feedback control methods [15,18–

25] (e.g., state feedback control, adaptive and pinning control), where the control

inputs are always assumed to be existed at any time. In reality, this assumption

might be rare cases and noneconomic. In comparison with continuous feedback

control, intermittent control is a discontinuous control approach. In practice, in-

termittent control is activated during certain nonzero time intervals, but is off dur-

ing other time intervals [27]. Thus, intermittent control can reduce the amount of

transmitted information and save the control cost. Due to its practical and easy

implementation in engineering control, intermittent control has been widely used

in engineering fields, including manufacturing, transportation, communication, and
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signal processing [27,28]. Recently, a periodically intermittent control scheme has

been proposed and applied successfully to study the synchronization problem for

complex dynamical networks [28–35,37–41]. In this type of control scheme, the

control time is periodic, and in each period, the time is composed of work time and

rest time. For instance, the pinning synchronization problem for delayed dynamical

networks via periodically intermittent control was considered in [31–33]. In [34–

36], the cluster synchronization in directed dynamical networks with or without

delay via periodically intermittent pinning control was investigated. In [37,38], pe-

riodically adaptive intermittent pinning-control strategy was introduced to study the

synchronization for directed dynamical networks with node balance and the cluster

synchronization for directed heterogeneous dynamical networks, respectively. In

[39], based on periodically intermittent adaptive control technique, the outer syn-

chronization between two coupled dynamical networks in finite time was investi-

gated. Zhao et al. [40] explored the problem of outer synchronization between two

dynamical networks with delayed dynamical nodes by using periodically adaptive

intermittent pinning control. Ma et al. [41] investigated the outer synchronization

between two dynamical networks with delayed dynamical nodes and nonlinear de-

layed coupling via periodically adaptive intermittent pinning control.

However, the requirement of periodicity of intermittent control strategy in pre-

vious works [28–41], i.e., each control period is fixed (or equal to each other), may

be unreasonable in reality. For instance, the generation of wind power in smart

grid is evidently aperiodically intermittent [42–45]. In addition, in practical appli-

cations, each control period of intermittent control strategy is needed to be change-

able and therefore adjusted in accordance to actual situations. Hence, no matter

in the theoretical research and the practical applications, it is imperative to study

the synchronization problem for complex dynamical networks via aperiodically (or
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nonperiodically) intermittent control. Very recently, some initial results have been

reported on this topic [42–46]. In [42,43], the synchronization problem for complex

dynamical networks with linear coupling function as well as nonlinear coupling

function via aperiodically intermittent pinning control was addressed, respectively.

In [44], the synchronization problem for neural networks with stochastic pertur-

bation was considered under aperiodically intermittent control. In [45], aperiodi-

cally intermittent pinning control for the exponential synchronization of linearly

coupled networks with delayed dynamical nodes was studied. In [46], the quasi-

synchronization of nonlinear coupled networks with delayed dynamical nodes and

parameter mismatches via aperiodically intermittent pinning control was discussed.

As pointed out in [40,41,47], adaptive scheme can effectively avoid giving

larger feedback control gains than those needed in practice. Therefore, it is of

great importance to consider the synchronization problem for complex dynami-

cal networks under aperiodically adaptive intermittent pinning control. Unfortu-

nately, there are few results about adaptive approach for aperiodically intermittent

pinning control. In [42,43,45,46], to realize synchronization of complex dynami-

cal networks, an aperiodically adaptive intermittent pinning control strategy was

proposed. It is worth mentioning that the adaptive rule for intermittent feedback

control gain developed in [42,43,45,46] is centralized, which requires the state

information of all network nodes (i.e., the global information of the whole net-

work). When a large-scale network is taken into account, this strategy demands

huge computing power and communication resources, and hence hard to imple-

ment. Hence, a more satisfactory and reasonable adaptive approach is decentralized

(or distributed) [37,38], which acquires local information instead of global informa-

tion of the whole network. To the best of our knowledge, there is still no theoretical

results for outer synchronization between two general complex delayed dynamical
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networks via decentralized aperiodically adaptive intermittent pinning control.

Inspired by the above analysis, in this paper, we study the aperiodically in-

termittent pinning-control problem for outer synchronization between two general

complex delayed dynamical networks. By introducing a novel aperiodically adap-

tive intermittent control scheme combined with pinning strategy and constructing a

piecewise auxiliary function, some sufficient conditions for outer synchronization

are derived based on the reduction to absurdity and the analytical technique. It is

noted that our adaptive scheme is decentralized, and relies on the state information

of the controlled node other than all nodes. Moreover, an effective pinned-node

selection scheme is given to guide what kinds of nodes should be pinned first. A

simple procedure illuminating how to design adaptive nonperiodical intermittent

controllers in real applications is also provided. Finally, a numerical example is

presented to verify the effectiveness of the theoretical results.

2 Problem formulation and preliminaries

Consider a general complex network consisting of N identical time-varying

delayed dynamical nodes with linearly diffusive couplings, which is described by:

ẋi(t) = f
(
t, xi(t), xi(t − τ(t))

)
+ c

N∑

j=1

bi j Γx j(t), i ∈ T = {1, 2, · · · ,N}, (1)

where xi(t) = (xi1(t), xi2(t), . . . , xin(t))> ∈ Rn is the state vector of node i, f : R+ ×
Rn×Rn → Rn is a continuous vector-valued function, c > 0 is the coupling strength.

Γ =
(
γi j) ∈ Rn×n is the inner connection matrix between two connected nodes, B =

(
bi j) ∈ RN×N is the outer coupling matrix reflecting the network topology, in which

bi j ∈ R is defined as follows: if there exists a directed link from node j to node i ( j ,

i), then bi j > 0, otherwise, bi j = 0. The time-varying delay τ(t) may be unknown but

is bounded by a known constant, i.e., 0 ≤ τ(t) ≤ τ, in which τ(t) denotes the internal

delay occurring inside the dynamical node [12]. Additionally, the diagonal entries
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of matrix B are defined by bii= −∑N
j=1, j,i bi j, i ∈ T, and therefore

∑N
j=1 bi j = 0, i ∈

T. The initial values of network (1) are given by xi(s) = φi(s) ∈ C([−τ, 0],Rn), i ∈
T, where C([−τ, 0],Rn) represents the set of all n-dimensional continuous functions

defined on the interval [−τ, 0]. Note that the outer coupling matrix B is not restricted

to be symmetric or irreducible, i.e., the corresponding graph generated by matrix

B can be directed, weakly connected and even do not contain any rooted spanning,

which is more consistent with a realistic dynamical network.

To make two delayed dynamical networks achieve outer synchronization, we

take system (1) as the drive network, and the response network is given by:

ẏi(t) = f
(
t, yi(t), yi(t − τ(t))

)
+ c

N∑

j=1

bi j Γy j(t) + ui(t), i ∈ T, (2)

where yi(t) = (yi1(t), yi2(t), . . . , yin(t))> ∈ Rn denotes the state vector of node i, ui(t) is

the control input applied to node i, and the other notations have the same meanings

as those in the drive network. The initial values of system (2) are given by yi(s) =

ϕi(s) ∈ C([−τ, 0],Rn), i ∈ T.

Definition 1. The drive network (1) is said to achieve outer synchronization with

the response network (2) if, for any initial values φi(s), ϕi(s) ∈ C([−τ, 0],Rn)

lim
t→+∞

||yi(t) − xi(t)|| = 0, i ∈ T. (3)

In this paper, the main objective is to apply adaptive intermittent pinning-

control scheme to make the drive network (1) can achieve outer synchronization

with the response network (2). For this purpose, partial nodes of the response net-

work are selected to be controlled. Without loss of generality, let the first l (1 ≤ l <

N) nodes of the response network be chosen and pinned, and the control input ui(t)

is designed as an adaptive nonperiodical intermittent controller described by

ui(t) = −di(t)(yi(t) − xi(t)), 1 ≤ i ≤ l, (4)

in which di(t) is the adaptive intermittent feedback control gain defined as follows
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di(t) =



di(0), t = 0,

di(tm + δm), t = tm+1,

0, tm + δm < t < tm+1,

(5)

with the adaptive rule

ḋi(t) = εiexp{ρ1t}||yi(t) − xi(t)||2, tm ≤ t ≤ tm + δm, (6)

where m ∈ Z+={1, 2, · · · }, ρ1 is a positive constant, εi > 0 and di(0) > 0 for 1 ≤ i ≤ l.

The time sequence {tm}+∞m=1 satisfies 0 = t1 < t2 < · · · < tm < · · · and limm→+∞ tm =

+∞. The time span [tm, tm+1) is the time of the mth period, and (tm+1−tm) is called

the mth control period; [tm, tm + δm] is the mth work time, and δm > 0 is called

the mth control width (control duration);
(
tm + δm, tm+1

)
is the mth rest time, and

(tm+1−tm)−δm > 0 is called the mth rest width (rest duration). Throughout this paper,

without loss of generality, we always assume that all the rest widths (tm+1− tm)−δm,

m ∈ Z+ are bounded.

It can be seen from (5) and (6) that the control time of controller (4) is nonpe-

riodical, and each control period [tm, tm+1) is composed of “work time [tm, tm + δm)”

and “rest time [tm + δm, tm+1)”. The controller is imposed to the network during the

work time, but it is removed during the rest time. This type of control scheme is

called aperiodically (or nonperiodically) intermittent control [42]. Evidently, the

above requirement of tm and δm has a large scope. Especially, when tm+1 − tm ≡ T

and δm ≡ δ, m ∈ Z+, the intermittent control type becomes the periodic one, which

has been widely investigated in the previous works [28–35,37–41].

For convenience, let T0 = T̂0 = t1, Tm = tm+1−tm, T̂m =
∑m

j=0 T j, and θm = δm/Tm,

m ∈ Z+, where θm is called the control rate of the mth control period. Then, we

have tm = T̂m−1 and δm = θmTm, m ∈ Z+. Defining the synchronization errors as
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ei(t) = yi(t) − xi(t), i ∈ T, then we have the following error dynamical system



ėi(t) = f̃
(
t, (t − τ(t))

)
+ c

N∑

j=1

bi jΓe j(t) − di(t)ei(t), 1 ≤ i ≤ l, T̂m−1 ≤ t ≤ T̂m−1 + θmTm,

ėi(t) = f̃
(
t, (t − τ(t))

)
+ c

N∑

j=1

bi jΓe j(t), l + 1 ≤ i ≤ N, T̂m−1 ≤ t ≤ T̂m−1 + θmTm,

ėi(t) = f̃
(
t, (t − τ(t))

)
+ c

N∑

j=1

bi jΓe j(t), i ∈ T, T̂m−1 + θmTm < t < T̂m,

(7)

where m ∈ Z+ and f̃
(
t, (t − τ(t))

)
= f

(
t, xi(t), xi(t − τ(t))

) − f
(
t, yi(t), yi(t − τ(t))

)
.

Obviously, if the error variables satisfy lim
t→+∞

||ei(t)|| = 0, i ∈ T, then the drive-

response networks (1) and (2) can achieve outer synchronization.

As preliminaries, the following statements are necessary.

Assumption 1. For the vector-valued function f
(
t, x(t), x(t − τ(t))

)
, there exist two

constants K1 and K2 such that [29,32]

[
x(t) − y(t)

]>[ f (t, x(t), x(t − τ(t))) − f (t, y(t), y(t − τ(t)))
]

≤ K1
[
x(t) − y(t)

]>[x(t) − y(t)
]

+K2
[
x(t − τ(t)) − y(t − τ(t))

]>[x(t − τ(t)) − y(t − τ(t))
]

(8)

for any x(t), y(t) ∈ Rn.

Remark 1. Assumption 1 gives some requirements for the dynamics of uncou-

pled node in network (1). If the function describing node dynamics in network (1)

satisfies uniform Lipschitz condition with respect to the time t, i.e., || f (t, x(t), x(t −
τ(t))) − f (t, y(t), y(t − τ(t)))|| ≤ L1||x(t) − y(t)|| + L2||x(t − τ(t)) − y(t − τ(t))||, where

L1, L2 > 0 are two positive constants, one can choose K1 = L1 + ωK2/2 and

K2 = L2/(2ω) to satisfy Assumption 1, where ω > 0 is a positive constant. In

addition, if the function f (t, x(t), x(t − τ(t))) is reduced to f (t, x(t)), then the condi-

tion (8) is degenerated to the following condition

[
x(t) − y(t)

]>[ f (t, x(t)) − f (t, y(t))
] ≤ K1

[
x(t) − y(t)

]>[x(t) − y(t)
]
. (8′)

It is easy to check that the condition (8′) is equivalent to the so called QUAD
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condition introduced in [9,34]. Usually, a vector-valued function f : R+ ×Rn → Rn

is said to satisfy QUAD condition if, for any x(t), y(t) ∈ Rn,

[
x(t) − y(t)

]>[ f (t, x(t)) − f (t, y(t)) − ∆
(
x(t) − y(t)

)] ≤ −$ [
x(t) − y(t)

]>[x(t) − y(t)
]
,

where ∆ is a diagonal matrix of order n and $ is a nonnegative scalar. Thus, the

condition (8) can be viewed as an generalization of the QUAD condition. More-

over, it has been verified that many well-known chaotic systems with or without

delay, such as the Lorenz system, Rössler system, Chen system, Chua’s circuit, the

delayed Hopfield neural networks and delayed cellular neural networks also satisfy

Assumption 1, see [29,32–34,47,48] and the references therein. Similar assump-

tions have been widely given in the synchronization literature [29,31–43,45–48].

Lemma 1. (Schur complement [38]) The following linear matrix inequality (LMI):


S 11 S 12

S>12 S 22

 < 0

where S 11 = S >11, S 22 = S >22, and S 12 is a matrix with suitable dimensions, is

equivalent to the following condition:

S 22 < 0, S 11 − S 12S −1
22 S >12 < 0.

Lemma 2. [38] Assume that Ξ1 and Ξ2 are two real symmetric matrices in RN×N .

Let α1≥α2≥· · · ≥αN , γ1≥γ2≥· · · ≥γN and λ1≥λ2≥· · · ≥λN be eigenvalues of matrices

Ξ1, Ξ2 and Ξ1 + Ξ2, respectively. Then, one has αi + γN ≤ λi ≤ αi + γ1, i ∈ T.

3 Main Results

In this section, by constructing a novel piecewise auxiliary function, some suffi-

cient conditions for outer synchronization between the drive-response networks (1)

and (2) under the aperiodically adaptive intermittent pinning control will be derived

by employing the Lyapunov stability theory and piecewise analytic technique.
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In the following, let %min be the minimum eigenvalue of the matrix (Γ + Γ>)/2

and IN be the N-dimensional identity matrix. Suppose that %min , 0 and ||Γ|| = %0

> 0. Denote B̃s = (B̃ + B̃>)/2, where B̃ is a modified matrix of B via substituting

(%min/%0)bii for the diagonal elements bii of B, then B̃s is a symmetric matrix with

nonnegative off-diagonal elements.

Theorem 1. Under Assumption 1, if there exist positive constants ρ1 > 2K2 and

ρ2 > 0 such that the following conditions hold:

(i) (2K1 + ρ1)IN−l + 2c%0
(
B̃s

)
l < 0,

(ii) 2K1IN + 2c%0B̃s − (ρ2 − ρ1)IN ≤ 0

(iii) lim
m→+∞

[
− λ

( m−1∑

j=0

T j

)
+ ρ2

( m−1∑

j=0

(1 − θ j)T j

)]
= −∞,

where
(
B̃s

)
l is the minor matrix of B̃s by removing its first l row-column pairs, and

λ > 0 is the unique positive root of the equation λ − ρ1 + 2K2exp{λτ} = 0. Then,

the drive network (1) can achieve outer synchronization with the response network

(2) under the adaptive pinning nonperiodical intermittent controllers (4)-(6).

Proof. Denote Φ(z)=z − ρ1 + 2K2exp{zτ}. Since ρ1 > 2K2 > 0, we get Φ(0)<0,

Φ(+∞)>0, and Φ ′(z)>0. According to the continuity and the monotonicity of Φ(z),

the equation Φ(z) = z − ρ1 + 2K2exp{zτ} = 0 has an unique positive root λ >0.

Introduce a piecewise function defined as

Ψ(t) =



1
2

exp{−ρ1t}
l∑

i=1

1
εi

(
di(t) − d∗i

)2
, T̂m−1 ≤ t ≤ T̂m−1 + θmTm,

1
2

exp{−ρ1t}
l∑

i=1

1
εi

(
di(T̂m−1 + θmTm) − d∗i

)2
, T̂m−1 + θmTm < t < T̂m,

(9)

where m ∈ Z+, d∗i > 0 is a positive constant to be determined later. By (5) and (9),

it is easy to check that Ψ(t) is continuous for all t ≥ 0.

Denote
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P(t) =
1
2

N∑

i=1

e>i (t)ei(t) and V(t) = P(t) + Ψ(t).

Obviously, P(t) is continuous for all t ≥ 0, and thus V(t) is continuous for all t ≥ 0.

For T̂m−1 ≤ t ≤ T̂m−1 + θmTm, m ∈ Z+, using Assumption 1, the time derivative

of V(t) along the trajectories of system (7) can be calculated as follows:

V̇(t) =

N∑

i=1

e>i (t)
[
f̃
(
t, (t − τ(t))

)
+ c

N∑

j=1

bi jΓe j(t)
]
−

l∑

i=1

di(t)e>i (t)ei(t)

−ρ1

2
exp{−ρ1t}

l∑

i=1

1
εi

(
di(t) − d∗i

)2
+

l∑

i=1

(di(t) − d∗i )e>i (t)ei(t)

=

N∑

i=1

e>i (t) f̃
(
t, (t − τ(t))

)
+ c

N∑

i=1

N∑

j=1

bi je>i (t)Γe j(t)

−ρ1

2
exp{−ρ1t}

l∑

i=1

1
εi

(
di(t) − d∗i

)2 −
l∑

i=1

d∗i e>i (t)ei(t)

≤K1

N∑

i=1

e>i (t)ei(t) + K2

N∑

i=1

e>i (t − τ(t))ei(t − τ(t)) −
l∑

i=1

d∗i e>i (t)ei(t)

+c
N∑

i=1

N∑

j=1, j,i

bi je>i (t)Γe j(t) + c
N∑

i=1

biie>i (t)Γei(t) − ρ1Ψ(t)

≤ 2K1P(t) + 2K2P(t − τ(t)) − ρ1Ψ(t) −
l∑

i=1

d∗i e>i (t)ei(t)

+c
N∑

i=1

N∑

j=1, j,i

%0bi j||e>i (t)||||e j(t)|| + c
N∑

i=1

%minbiie>i (t)ei(t). (10)

Denote ẽ(t) =
(||e1(t)||, ||e2(t)||, ..., ||eN(t)||)>, then one has

1
2

ẽ>(t)ẽ(t) =
1
2

N∑

i=1

||ei(t)||2 =
1
2

N∑

i=1

e>i (t)ei(t) = P(t).

It follows from (10) that

V̇(t)≤K1ẽ>(t)ẽ(t) + 2K2P(t − τ(t)) + c%0ẽ>(t)B̃ ẽ(t) − ρ1Ψ(t) − ẽ>(t)Dẽ(t)

= ẽ>(t)
(
(K1 + ρ1/2)IN + c%0B̃s − D

)
ẽ(t) − ρ1P(t) − ρ1Ψ(t) + 2K2P(t − τ(t))

≤ ẽ>(t)
(
(K1 + ρ1/2)IN + c%0B̃s − D

)
ẽ(t) − ρ1V(t) + 2K2V(t − τ(t)), (11)

where D = diag(d∗1, ..., d
∗
l , 0, ..., 0︸ ︷︷ ︸

N−l

).
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Let Ω = (K1+ρ1/2)IN+c%0B̃s and (K1+ρ1/2)IN+c%0B̃s−D = Ω−D =

(
E−D̃ S
S > Ωl

)

where E and S are matrices with appropriate dimensions, D̃ = diag(d1, . . . , dl), and

Ωl is the minor matrix of Ω by removing its first l (1 ≤ l < N) row-column pairs,

i.e., Ωl = c%0
(
B̃s

)
l + (K1 +ρ1/2)IN−l. Evidently, Ωl is a symmetric matrix, and so, by

condition (i), one has Ωl < 0. Hence, when d∗i > 0, 1 ≤ i ≤ l are sufficiently large

such that d∗i > λmax(E − S Ω−1
l S >), 1 ≤ i ≤ l, then it is easy to see that Ω − D < 0,

which directly follows from Lemma 1. This combines with (11) to produce

V̇(t) ≤ −ρ1V(t) + 2K2V(t − τ(t)), T̂m−1 ≤ t ≤ T̂m−1 + θmTm, m ∈ Z+. (12)

Similarly, for T̂m−1 + θmTm < t < T̂m, m ∈ Z+, with the same approach and

using condition (ii), we can obtain

V̇(t) = e>i (t)
[
f̃ (t, (t − τ(t))) + c

N∑

j=1

bi jΓe j(t)
]

−ρ1

2
exp{−ρ1t}

l∑

i=1

1
εi

(
di(T̂m−1 + θmTm) − d∗i

)2

≤ 2K1P(t) + 2K2P(t − τ(t)) + c
N∑

i=1

N∑

j=1

bi je>i (t)ei(t) − ρ1Ψ(t)

=
1
2

ẽ>(t)
(
2K1IN + 2c%0B̃s − (ρ2 − ρ1)IN

)
ẽ(t) +

1
2

(ρ2 − ρ1)ẽ>(t)ẽ(t)

+2K2P(t − τ(t)) − ρ1Ψ(t)

≤ (ρ2 − ρ1)P(t) + 2K2V(t − τ(t)) − ρ1Ψ(t),

= (ρ2 − ρ1)V(t) + 2K2V(t − τ(t)) − ρ2Ψ(t). (13)

Since Ψ(t) ≥ 0 for all t ≥ 0 and ρ2 > 0, it follows from (13) that

V̇(t) ≤ (ρ2 − ρ1)V(t) + 2K2V(t − τ(t)), T̂m−1 + θmTm < t < T̂m, m ∈ Z+. (14)

In the following, using (12), (14) and condition (iii), we prove that

lim
t→+∞

V(t) = 0.

Take M0=sup−τ≤s≤0 V(s), H(t) = exp{λt}V(t), where t ≥ −τ. Let W(t) = H(t) −
hM0, where h > 1 is a constant. Note that T̂0 = 0, then it is easy to see that

13



W(t) < 0, for all t ∈ [−τ, T̂0] . (15)

Next, we prove that

W(t) < 0, for all t ∈ [T̂0, θ1T1] . (16)

We utilize the reduction to absurdity. Otherwise, by (15), there exists a t∗ ∈ (T̂0, θ1T1]

such that

W(t∗) = 0, Ẇ(t∗) ≥ 0, (17)
W(t) < 0, −τ ≤ t < t∗. (18)

Using (12), we have

Ẇ(t∗) = λH(t∗) + exp{λt∗}V̇(t∗)

≤ λH(t∗) − ρ1H(t∗) + 2K2exp{λt∗}V(t∗ − τ(t∗)). (19)

From (17) and (18), we can get that

H(t∗) = hM0, H(t) < hM0, −τ ≤ t < t∗.

This means that

V(t∗) = hM0exp{−λt∗}, V(t) < hM0exp{−λt}, −τ ≤ t < t∗.

Hence,

exp{λt∗}V(t∗ − τ(t∗)) < exp{λτ}hM0 = exp{λτ}H(t∗).

Combining with (19), we can obtain that

Ẇ(t∗) <
(
λ − ρ1 + 2K2exp{λτ})H(t∗) = 0. (20)

This contradicts the second inequality in (17), which shows that (16) holds. To-

gether with (15), we can get that

V(t) < hM0exp{−λt}, for all t ∈ [−τ, θ1T1] . (21)

Now, we prove that

Ω(t) = H(t) − hM0exp
{
ρ2(t − θ1T1)

}
< 0, for all t ∈ (θ1T1, T̂1) . (22)

Otherwise, there exists a t∗∗ ∈ (θ1T1, T̂1) such that

14



Ω(t∗∗) = 0, Ω̇(t∗∗) ≥ 0, (23)
Ω(t) < 0, θ1T1 < t < t∗∗. (24)

For τ(t∗∗) > 0, if θ1T1 < t∗∗ − τ(t∗∗) < t∗∗, it follows from (23) and (24) that

exp{λt∗∗}V(
t∗∗ − τ(t∗∗)

)
< exp{λτ}hM0exp

{
ρ2(t∗∗ − θ1T1)

}
= exp{λτ}H(t∗∗),

and if −τ ≤ t∗∗ − τ(t∗∗) ≤ θ1T1, it follows from (21) and (23) that

exp{λt∗∗}V(
t∗∗ − τ(t∗∗)

)
< exp{λτ}hM0 ≤ exp{λτ}H(t∗∗).

Therefore, we always have

exp{λt∗∗}V(
t∗∗ − τ(t∗∗)

)
< exp{λτ}H(t∗∗), for σ(t∗∗) > 0.

Hence, according to (14), we get

Ω̇(t∗∗) = λH(t∗∗) + exp{λ t∗∗}V̇(t∗∗) − ρ2hM0exp
{
ρ2(t∗∗ − θ1T1)

}

≤ λH(t∗∗) + (ρ2 − ρ1)H(t∗∗) − ρ2H(t∗∗) + 2K2exp{λt∗∗}V(
t∗∗ − τ(t∗∗)

)
<

(
λ − ρ1 + 2K2exp{λτ})H(t∗) = 0,

which contradicts the second inequality in (23). Therefore (22) holds, i.e.,

H(t) < hM0exp
{
ρ2 (t − θ1T1)

} ≤ hM0exp
{
ρ2 (1 − θ1)T1

}
, for all t ∈ (θ1T1, T̂1).

Combining with inequalities (15) and (16), we get

H(t) < hM0exp
{
ρ2 (1 − θ1)T1

}
, for all t ∈ [−τ, T̂1) .

Similar to the proofs of (16) and (22), we can prove that

H(t) < hM0exp
{
ρ2 (1 − θ1)T1

}
, for all t ∈ [T̂1, T̂1 + θ2T2]

and

H(t) < hM0exp
{
ρ2(1 − θ1)T1

}
exp

{
ρ2(t − T̂1 − θ2T2)

}

= hM0exp
{
ρ2

(
t − (θ1T1 + θ2T2)

)}
, for all t ∈ (T̂1 + θ2T2, T̂2).

Furthermore, we can derive that for all t ∈ [T̂2, T̂2 + θ3T3]

H(t) < hM0 exp
{
ρ2

(
(1 − θ1)T1 + (1 − θ2)T2

)}
,

and for all t ∈ (T̂2 + θ3T3, T̂3)
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H(t) < hM0 exp
{
ρ2

(
t − (θ1T1 + θ2T2 + θ3T3)

)}
.

By mathematical induction, we can derive the following estimation of H(t) for

any positive integer m.

For all T̂m−1 ≤ t ≤ T̂m−1 + θmTm, m ∈ Z+,

H(t) < hM0 exp
{
ρ2

( m−1∑

j=0

(1 − θ j)T j

)}
. (25)

And for all T̂m−1 + θmTm < t < T̂m, m ∈ Z+ ,

H(t) < hM0 exp
{
ρ2

(
t −

( m∑

j=0

θ jT j

) )}
≤ hM0 exp

{
ρ2

( m∑

j=0

(1 − θ j)T j

)}
. (26)

Recalling that H(t) = exp{λt}V(t), it follows from (25) and (26) that for all

T̂m−1 ≤ t ≤ T̂m−1 + θmTm, m ∈ Z+,

V(t) < hM0exp{−λt} exp
{
ρ2

( m−1∑

j=0

(1 − θ j)T j

)}

≤ hM0 exp
{
− λ

( m−1∑

j=0

T j

)
+ ρ2

( m−1∑

j=0

(1 − θ j)T j

)}
, (27)

and for all T̂m−1 + θmTm < t < T̂m, m ∈ Z+ ,

V(t) < hM0exp{−λt} exp
{
ρ2

( m∑

j=0

(1 − θ j)T j

)}

< hM0 exp
{
ρ2(1 − θm)Tm

}
exp

{
− λ

( m−1∑

j=0

T j

)
+ ρ2

( m−1∑

j=0

(1 − θ j)T j

)}
. (28)

Since all the rest widths (Tm − δm), m ∈ Z+, are bounded, we can assume

that supm∈Z+

{
Tm − δm

}
= $0, where $0 > 0 is a positive constant. Denote Υ0 =

hM0 exp
{
ρ2$0

}
, we have from (27) and (28) that

V(t) < Υ0 exp
{
− λ

( m−1∑

j=0

T j

)
+ ρ2

( m−1∑

j=0

(1 − θ j)T j

)}
, for all t ≥ 0. (29)

According to condition (iii), one has

lim
t→+∞

V(t) = 0.
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which means that limt→+∞ ||ei(t)||=0, for all i ∈ T. The proof is thus completed. @

Remark 2. As δm → Tm or θm → 1, m ∈ Z+, the aperiodically adaptive intermit-

tent pinning control is degenerated to the general continuous-time adaptive pinning

control, which has been studied in previous works such as [47,48]. For this case,

conditions (i) and (ii) ensure outer synchronization between the drive-response net-

works (1) and (2) since condition (iii) is automatically satisfied.

Remark 3. It is clear from (5) and (6) that the adaptive intermittent feedback

control gains di(t) for 1 ≤ i ≤ l are monotonically increasing during the work time

but identically equal to zeros during the rest time. When the outer synchronization

is achieved, they converge to some positive constants during each work time. In the

following section, numerical simulations will be given to illustrate this point.

Let η0=2K1 + 2c%0λmax(B̃s) and select ρ2=ρ1 +η0 > 0, then condition (ii) holds.

In addition, by Lemma 2, we get that λmax
(
(2K1 + ρ1)IN−l + 2c%0(B̃s)l)≤2K1 + ρ1 +

2c%0λmax
(
(B̃s)l

)
. Hence, the following corollary is derived directly from Theorem 1.

Corollary 1. Under Assumption 1, if there exists a positive constant ρ1 > 2K2 such

that the following conditions hold:

(i′) λmax
(
(B̃s)l

)
<

2K1 + ρ1

2c%0
,

(ii′) lim
m→+∞

[
− λ

( m−1∑

j=0

T j

)
+ (ρ1 + η0)

( m−1∑

j=0

(1 − θ j)T j

)]
= −∞,

where (B̃s)l is the minor matrix of B̃s by removing its first l row-column pairs, and

λ > 0 is the unique positive root of the equation λ − ρ1 + 2K2exp{λτ} = 0. Then,

the drive network (1) can achieve outer synchronization with the response network

(2) under the adaptive pinning nonperiodical intermittent controllers (4)-(6).

Suppose that ρ1 is given as ρ∗1 > 2K2. Substituting ρ1 = ρ∗1 into the equation

λ − ρ1 + 2K2exp{λτ} = 0 yields λ = ψ(ρ∗1), then we can obtain the following result.
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Corollary 2. Suppose that Assumption 1 is satisfied and ρ1 is given as ρ∗1 > 2K2.

Then, the drive network (1) can achieve outer synchronization with the response

network (2) under the adaptive pinning nonperiodical intermittent controllers (4)-

(6) if the following conditions hold:

(i′) λmax
(
(B̃s)l

)
<

2K1 + ρ∗1
2c%0

,

(ii′) lim
m→+∞

[
− ψ(ρ∗1)

( m−1∑

j=0

T j

)
+ (ρ∗1 + η0)

( m−1∑

j=0

(1 − θ j)T j

)]
= −∞,

where (B̃s)l is the minor matrix of B̃s by removing its first l row-column pairs.

Remark 4. Corollary 2 gives a low-dimensional pinning criterion guaranteeing

the drive-response networks (1) and (2) can achieve outer synchronization under

the aperiodically adaptive intermittent pinning control. Unfortunately, this criterion

does not show any hint of how to find l pinned nodes such that pinning condition

(i′) in Corollary 2 holds and how to locate them in the response network. As is

well known, for a general dynamical network, how to choose appropriate pinned

nodes is still a challenging problem [47,48]. Obviously, to make pinning condition

(i′) in Corollary 2 hold, at least we need to choose l pinned candidates such that

λmax
(
(B̃s)l

)
< 0. Denote G as the underlying digraph of matrix B. In [47], it was

shown that if the nodes whose out-degrees are bigger than their in-degrees in the

digraph G are selected as pinned candidates, then one may have λmax
(
(B̃s)l

) ≤ 0.

Inspired by this idea, we can perform the following steps to select pinned nodes for

the response network (2) such that pinning condition (i′) in Corollary 2 holds:

(1) For the underlying digraphG of the outer coupling matrix B, denote Degin(i)

and Degout(i) as the in-degree and out-degree of node i in G, respectively, i.e.,

Degin(i) =

N∑

j=1, j,i

bi j and Degout(i) =

N∑

j=1, j,i

b j i.

(2) Let Degdiff(i) = Degout(i) − Degin(i) be the degree-difference between the

out-degree and in-degree of node i in G, i ∈ T.
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(3) Select the nodes with zero in-degrees as pinned nodes first because their

states are not influenced by others.

(4) Rearrange the remaining nodes of the response network in descending or-

der according to their degree-differences (for those nodes with the same degree-

differences, in descending order according to their out-degrees). According to the

degree-differences sequence, increase the number of nodes to be pinned until con-

dition (i′) of Corollary 2 is satisfied. Additionally, it can be deduced that the number

of nodes to be selected and pinned is at least l0 ,where l0 satisfies

λmax
(
(B̃s)l0−1

) ≥ 2K1 + ρ∗1
2c%0

and λmax
(
(B̃s)l0

)
<

2K1 + ρ∗1
2c%0

.

In the following, for simplifying the validation of condition (ii′) of Corollary

2, some special cases will be discussed.

Case 1: Periodically adaptive intermittent pinning-control scheme.

When each control period and each control rate are fixed, i.e., Tm ≡ T and

θm ≡ θ for all m ∈ Z+, where T and θ are both positive constants, then the control

type becomes periodically adaptive intermittent pinning control, which has been

investigated in [40,41]. For this case, it is easy to observe that

−ψ(ρ∗1)
( m−1∑

j=0

T j

)
+ (ρ∗1 + η0)

( m−1∑

j=0

(1 − θ j)T j

)
= (m − 1)

( − ψ(ρ∗1) + (ρ∗1 + η0)(1 − θ))T.

Hence, if −ψ(ρ∗1) + (ρ∗1 + η0)(1 − θ) < 0, then condition (ii′) in Corollary holds.

Consequently, we can derive the following result from Corollary 2.

Corollary 3. Suppose that Assumption 1 is satisfied and ρ1 is given as ρ∗1 > 2K2.

Then, the drive network (1) can achieve outer synchronization with the response

network (2) under the periodically adaptive intermittent pinning control if the fol-

lowing conditions hold:

(i′) λmax
(
(B̃s)l

)
<

2K1 + ρ∗1
2c%0

,
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(ii′) 1 − ψ(ρ∗1)
ρ∗1 + η0

< θ < 1,

where (B̃s)l is the minor matrix of B̃s by removing its first l row-column pairs.

Case 2: Aperiodically adaptive intermittent pinning-control scheme with fixed

control rate.

When each control rate is fixed, i.e., θm ≡ θeq for all m ∈ Z+, where θeq is a pos-

itive constant, then the control type is aperiodically adaptive intermittent pinning

control with fixed control rate but non-fixed control period (called aperiodically

adaptive intermittent pinning control with fixed control rate). Obviously, Case 1

can be viewed as a special case for this type of adaptive intermittent control. For

this case, one can see that

−ψ(ρ∗1)
( m−1∑

j=0

T j

)
+ (ρ∗1 + η0)

( m−1∑

j=0

(1− θ j)T j

)
=

(− ψ(ρ∗1) + (ρ∗1 + η0)(1− θeq)
)( m−1∑

j=0

T j

)
.

Therefore, if −ψ(ρ∗1) + (ρ∗1 + η0)(1 − θeq) < 0, then condition (ii′) in Corollary 2

holds. Consequently, we have the following result from Corollary 2.

Corollary 4. Suppose that Assumption 1 is satisfied and ρ1 is given as ρ∗1 > 2K2.

Then, the drive network (1) can achieve outer synchronization with the response

network (2) under the aperiodically adaptive intermittent pinning control with fixed

control rate if the following conditions hold:

(i′) λmax
(
(B̃s)l

)
<

2K1 + ρ∗1
2c%0

,

(ii′) 1 − ψ(ρ∗1)
ρ∗1 + η0

< θeq < 1,

where (B̃s)l is the minor matrix of B̃s by removing its first l row-column pairs.

Case 3: Aperiodically adaptive intermittent pinning-control scheme.

Suppose that infm∈Z+{θm} = θinf > 0, where θinf is a positive constant. Then

−ψ(ρ∗1)
( m−1∑

j=0

T j

)
+ (ρ∗1 + η0)

( m−1∑

j=0

(1− θ j)T j

)
≤ (−ψ(ρ∗1) + (ρ∗1 + η0)(1− θinf)

)( m−1∑

j=0

T j

)
.
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Thus, if −ψ(ρ∗1)+(ρ∗1 +η0)(1−θinf) < 0, then condition (ii′) in Corollary 2 holds. Ev-

idently, this adaptive intermittent control type takes the aforementioned two types

of adaptive intermittent control (Case 1 and Case 2) as special cases. For this case,

we can obtain the following corollary from Corollary 2 .

Corollary 5. Suppose that Assumption 1 is satisfied and ρ1 is given as ρ∗1 > 2K2.

Then, the drive network (1) can achieve outer synchronization with the response

network (2) under the aperiodically adaptive intermittent pinning control if the fol-

lowing conditions hold:

(i′) λmax
(
(B̃s)l

)
<

2K1 + ρ∗1
2c%0

,

(ii′) 1 − ψ(ρ∗1)
ρ∗1 + η0

< θinf < 1,

where (B̃s)l is the minor matrix of B̃s by removing its first l row-column pairs.

Remark 5. From Corollary 5, one can see that only the control rate θinf , rather than

either the control width δm or the control period Tm, affects the control performance.

It indicates that, for achieving the outer synchronization, each control period Tm,

m ∈ Z+ can be arbitrarily selected according to the actual requirement, only if con-

dition (ii′) in Corollary 5 holds. This facilitates the potential practical applications

of the theoretical results in engineering fields.

Remark 6. In [28–41], the synchronization problem for complex dynamical net-

works via intermittent control or adaptive intermittent control was discussed. How-

ever, the designed controllers in [28–41] are periodically intermittent with fixed

control period and control width (i.e., Tm ≡ T and δm ≡ δ for all m ∈ Z+). Ob-

viously, this requirement may be unreasonable in reality. In this paper, the outer

synchronization between two general delayed dynamical networks (1) and (2) is

studied via aperiodically adaptive intermittent pinning control with non-fixed both

control period and control width. Hence, our theoretical results expand the scope
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of practical applications of intermittent control strategy proposed in [28–41].

Remark 7. In [40], Zhao et al. studied the outer synchronization between two

complex networks with delayed dynamical nodes via adaptive intermittent pinning

control. However, the adaptive intermittent pinning control adopted in [40] is peri-

odic; in addition, the time delay considered in [40] is constant delay. In this paper,

by developing an aperiodically adaptive intermittent control technique combined

with pinning strategy, outer synchronization between two complex networks with

delayed dynamical nodes is further investigated, where the time delay can be con-

stant or time-varying, and even non-differentiable. Hence, the results derived here

generalize the results in [40].

Remark 8. In [42,43,45,46], an adaptive scheme for aperiodically intermittent pin-

ning control was proposed, where the adaptive rule is centralized, and requires the

state information of all network nodes. Evidently, it is hard and costly to implement

for a network of large scale. In this paper, a new aperiodically adaptive intermittent

pinning-control strategy is introduced. It can be seen from (4)-(6) that the designed

controller is dependent on the state information of the controlled node other than

all nodes. That is to say, the adaptive strategy for aperiodically intermittent pinning

control developed in this paper is decentralized. Our theoretical results is hence

more practically applicable than those in [42,43,45,46].

Remark 9. To show how to design suitable adaptive nonperiodical intermittent con-

trollers in real-world applications for realizing the outer synchronization, we take

example for the application of Corollary 5, the following procedures are preformed:

Step 1. For a given ρ∗1 > 2K2, according to Remark 4, determine l pinned-nodes

such that condition (i′) of Corollary 5 is satisfied.

Step 2. Calculate the value of ψ(ρ∗1), and then select control rates θm, m ∈ Z+

such that condition (ii′) of Corollary 5 holds.
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Step 3. Choose control periods Tm, m ∈ Z+ according to the actual requirement.

Step 4. Based on the above chosen pinned-nodes, θm, Tm, design the adaptive

pinning nonperiodical intermittent controllers described in (4)-(6).

4 Numerical simulations

In this section, we provide a numerical example to illustrate the effectiveness

of the above theoretical results.The delayed Chua oscillator is taken as the node

dynamics of the drive-response networks (1) and (2), which is described by [31,33]

ẋ(t) = f
(
t, x(t), x(t − τ(t))

)
= Ax(t) + g1(x(t)) + g2(x(t − τ(t))), (30)

where x(t) =
(
x1(t), x2(t), x3(t)

)> ∈ R3, g1(x(t)) =
(− 1

2α0(a1−a2)(|x1(t)+1|− |x1(t)−
1| ), 0, 0

)> ∈ R3, g2(x(t − τ(t))) =
(

0, 0, −β0π0 sin(v0x1(t − τ(t)))
)> ∈ R3, A =


−α0(1+a2) α0 0

1 −1 1
0 −β0 −ω0

, and α0=10, β0= 17.53,ω0= 0.1636, a1=−1.4325, a2=−0.7831,

v0 = 0.5, π0 = 0.2, and τ(t) = 0.02. As indicated in Fig. 1, the delayed Chua

oscillator (30) has a chaotic attractor. In addition, it is easy to verify that

[
x(t) − y(t)

]>[ f (t, x(t), x(t − τ(t))) − f (t, y(t), y(t − τ(t)))
]

≤ 1
2
[
x(t) − y(t)

]>(A + A>)
[
x(t) − y(t)

]
+ |α0(a1 − a2)|[x1(t) − y1(t)

]2

+β0π0v0|x3(t) − y3(t)| |x1(t − τ(t)) − y1(t − τ(t))|
≤ λmax(Â)

[
x(t) − y(t)

]>[x(t) − y(t)
]

+(β0π0v0)/(2κ1)
[
x(t − τ(t)) − y(t − τ(t))

]>[x(t − τ(t)) − y(t − τ(t))
]

= K1
[
x(t) − y(t)

]>[x(t) − y(t)
]

+K2
[
x(t − τ(t)) − y(t − τ(t))

]>[x(t − τ(t)) − y(t − τ(t))
]
,

where Â = (A + A>)/2 + diag
(|α0(a1−a2)|, 0, κ1(β0π0v0)/2

)
, and K1 = λmax(Ã), K2 =

(β0π0v0)/(2κ1) can be determined by choosing an appropriate parameter κ1 > 0.

Therefore, Assumption 1 is satisfied.

For simplicity, we set Γ = diag(1, 1.1, 1) and c = 15. Here the network struc-

ture of the drive-response networks (1) and (2) is assumed to obey the scale-free
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Fig. 1. Chaotic attractor generated by system (30) with initial values x1(s) = 0.5,

x2(s) = 0.2 and x3(s) = 1.0 for s ∈ [−0.02, 0].

20 40 60 80 100 120 140 160 180 200200

0.4

0.5

0.6

0.7

0.8

0.9

1

ρ
1
*

θ in
f
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Fig. 5. Time evolutions of adaptive intermittent feedback control gains di(t), 1 ≤ i ≤ 39.

distribution of the Barabási-Albert (BA) network model [49]. The parameters of

the BA network model are given by m0 = m = 5, N = 200. Let κ1 = 3, then one has

K1 = 11.2083, K2 = 0.2922. Since %min = 1, %0 = 1.1 and λmax
(
B̃s

)
= 0.9116, we

get η0 = 52.4994. According to condition (ii′) of Corollary 5, the relationship curve

between the parameter ρ∗1 and the control rate θinf is plotted in Fig. 2. If ρ∗1 = 50

is selected as a special case, from conditions (i′) and (ii′) of Corollary 5, we can

obtain that

λmax
(
(B̃s)l

)
< −2.0429 and 0.5272 < θinf < 1. (31)

Using the pinned-node selection scheme for the response network (2) in Re-

mark 4, we rearrange the order of nodes in the response network. Choose l from 1

to 100 and depict the relations between the number of pinned nodes l and λmax
(
(B̃s)l

)

in Fig. 3. It can be seen that λmax
(
(B̃s)l

)
decreases with the increase of l. Especially,

when l = 38 and l = 39, we have λmax
(
(B̃s)38

)
= −1.9869 and λmax

(
(B̃s)39

)
=

−2.0473. Hence, to realize the outer synchronization, it only needs to choose the

26



first l = 39 rearranged nodes of the response network as pinned nodes.

For numerical simulations, for brevity, we select θk ≡ 0.55, Tk = tk+1 − tk =

0.2k, k ∈ Z+ and l = 39, then condition (31) is satisfied. Fig. 5 and Fig. 6 respec-

tively show the evolutions of the synchronous errors and the adaptive intermittent

feedback control gains, where the initial conditions are xi(0) = (−2 + 0.1i,−4 +

0.3i,−6 + 0.5i)>, yi(0) = (−3 + 0.2i,−5 + 0.4i,−7 + 0.6i)>,where 1 ≤ i ≤ 200, and

d1(0) = · · · = d39(0) = 0.01, ε1 = · · · = ε39 = 0.001. It can be seen that the outer

synchronization is realized under the aperiodically adaptive intermittent pinning

control scheme with l = 39, and the adaptive intermittent feedback control gains

di(t), 1 ≤ i ≤ 39 intermittently converge to some positive constants. The results of

numerical simulations show the correctness of the theoretical analysis.

5 Conclusion

In this paper, we have investigated the outer synchronization between two gen-

eral complex networks with time-varying delayed dynamical nodes via aperiodi-

cally adaptive intermittent pinning control. By using the Lyapunov stability the-

ory and rigorous mathematical analysis, some sufficient conditions for outer syn-

chronization are derived through constructing a piecewise auxiliary function. Some

simulation results have been provided to show the validity of the theoretical results.

Note that, in this paper, only internal delay occurring inside the dynamical node is

considered. Since communication delay is ubiquitous in dynamical networks due

to the finite speeds of transmission and traffic congestion, our next goal is to study

the outer synchronization between two complex dynamical networks with internal

delay and communication delay simultaneously via aperiodically adaptive intermit-

tent pinning control.
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