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The Neural Networks Realization of Quasi-Gradient System

to Search for Equilibrium Solutions in Game Theory

and Their Dynamical Behavior*

Ryota HORIE** Eitaro AryoSHI** and Kippei MIYANO**

Mutually coupled plural Neural Networks (N.N.) modules are proposed from the view point of
noncooperative game theory. First, new dynamical models, which is called “Quasi-Gradient Sys-
tem”, to search the Nash Equilibrium (NE) points under [0,1]-interval or nonnegative constraints
are proposed. The stability of the proposed searching models is analyzed by the linearization
approach. In addition, relations between the Lotka-Volterra’s ecological model or the population
genetics model and the proposed searching models are indicated. Second, new mutually coupled
plural N.N. modules are introduced to realize the proposed searching model for problems with
quadratic objective functions. the asymmetric Hopfield type N.N. can be regarded as a special
class of the proposed N.N. modules. Last, by simulations for simple problems, the biffurcations in
dynamical behavior such as converging to different NE points, cyclic state transition with no NE

points and other exceptional cases are shown.
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Fig. 2 Structure of mutually coupled plural N.N. mod-
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Fig. 3 Asymmetric Hopfield type N.N.

d:v (t)

=zP(t) {apo+Zapqxq t)} (24)
=1
p: 17...7P
Ehb, 22T, zP,p=1,-,P i3 P EHOEWEOM

REREEELEL, Eﬁ%ﬂp—l P ST p O
g (723 ER) &, B apg,pg=1,- Pl pED
BHBEOREIINT S ¢ BOBELEL, ﬁLm%&%
IF, HMEMELZLATHEL, P=2DLED (24) RDE
BEIC) Iy M A 2 VIEFEEL WA, P>3DL &I
ERRPHRBC Lo TEMLBPEIFLEL, BREEHH
Oz, VIV I A7 AMIDREKRLEY Iy LY
NTHHATOZY) =y 7% 42012 |THHET % HE
PHEETHIEFMOLNTBY, FBEY 2L -V
VICE B A A AHBOHFAE D HE SN T L), Hl#E
&0 (1) DHATREMIC np=1,p=1,- P& L7z

dx;(t) =P (t)(1—2P(t)){apo + Zlapqzq }(25)

p=1,--,P
BEFBEFOBBEF IV E R D),
5, YIal—Ya iR
2 REBRAML OB R OGN EEEF A F I 7 A
DREWE DERIZOWT, HELEMEADOY I —
YaviEREFROTESRT S, HINESD) Q) DBHEIC
1, WEROFAEN L OBEEFRHICEEZI N TR W
A, BERET IV OEE)HK T Lotka-Volterra F #2370 fi#

%Lt LT 1_‘( n?%ﬂ“ *ﬁufénf\/‘é zZ T 2&
WX TIEEIHESD I OBERIERKL, (1) DHAICD

— 45 —



684 ¥ AT LI R

% 12% %115

(1999)

WTDAH, (18), (22) Kb of 2IHE L-NEHIREET
VeRWwyIalb—va viEREMETS. 1B, %
AR R TRE R L) IC P=2n1=ny=1 & L, B
% 18 % At = 0.005 # & L 72 Runge-Kutta 3 TH(#
oL,

[BISE 1] Eip, Exd¥& i 23 MBEKT, #1nb
DEBHE BIT0 &4 b EFHEAPTHBORTICD 2HE.

EBi(z1,2?) = loz(wl)2 +(0.5-0.50)z! —zlz?
") o

Ez(zl,zz)zia(zz) —(140.5a)z? 4+ 2z2¢!
INLOMBIE a>0 DL xizHITM2 KRB, o=0

DL IHHHEE, a<0DE ZM2REHEELRY, HlH
FHBRVEE, o OELITEMRIC

OF
1?) =az!+(0.5-0.5a) — 22 =0
OB (x) _ 5 1
5 = —(140.5a)+2z" =0

Zi72¥ (0.5,05) 45, BHMERD. r=c0 b LAz &
DOITHE 1) RITB 28R ES D1, D2 Fh oD
RRATHLHHEH, EHEHLZIKCBT LY 2750
EREOERDHFS, BLUT=1000 & Lzt ED~Y
MV L RRWE F Fig. 4 12RY. EF 30, €8s
D9 LR ER @, RBPTNHERE L KEORLHT
RL7:. GEMES Dy, DX TN ZFh— S, —&
WHTRL, TNOBKBNAEREAO L XIZE, B
T EHBESDO L ERIKBTRLZ. 72, alltib
L7-EERES L R % Table 1IZRY. 22T, (3),
(6) RDEFL Y, KIBWAEBES L O LR SR
EHELLDED, TITRHERLE, RN AEMBESO P
TREM T2V 02 FATWEEMBES LIFY, KK
AHMESLERNTLEI LT 5.

a>0D & 2L, Dy, D3k b ITKBHABEREST,
ZNHDOME—DAZ L (0.5,0.5) DSKIRWBHEEE 2 5. —
F, a<0 D& &, Dy, Dok b IHIFHEED L TR
IZOHEL THR, ZALTRCOMRESIEFhZTRE
DT RIRHY Z2 BT PR3 & TRBT B 22 BT 5643 70 & B I &
5. —1<a<0 D & &, Dy, D3 M % ¥/ FHHR
HFHELRZW, 2<a<-10DL %, TRO D1ORF %
#53 & ERR D Do KB MY 72 553 4534 41 (0,1) THRD Y,
R ERRD D1 & TRO Dot (1,0) TKbY, Zo0
B ERE 5. a<—20E &, EHICTRED Dy
DRIGHIERST & T RO Dy RPTHIER S 555 4 (0,0) TR
DY, ER®D D& ERD DA% (1,1) TRb Y, [0,1] #
ROWS DU HTNTHRFTHMERE % 5.

Fig. 4 £ 0, WEMHIHFEELZNSOBEFHES DL b
BOLE, BEHPBEIZNS OHEMRICIEL, 20X
D WL R E R E RIS 2 G E T OHECE T
R HHERIPORET 5. BUAERET NV (9) RNiER
FERETFTNTH D720, ERUPBORD VTR
DORBHIITERRTH S, T2, a=—05f) DL &3
TREIFAELET, T=c0 ETHEHBERIATTZ )2y
IH Ao NVERD. 7=1000, 100 D& XDHHNEH z1
DEMFERE ZNEN (), 1) RT. (k) TIRRERES
R4 RS R D, B/RLAZ 50008 F TTIREIF EA
THZ)Zy 7H A I VICRZ B, NERED 1KE
NIEHD 720 W Il [0,1] OBEROE S CHET
BYIv A7 VIEERT B, ThICx LT (1) T,
5000 FCIC) Iy b A7 VADPEIFHERENS,

BERSAF IV AOBANELRTELHENL LT, a=
—1.0(g), —2.0(1) D& &, HEIIFEHHEHOEH T
KT 5. INSOFYERIEIr=c0 LT 5 LEFHEIE
EODHPZREDRTHY, TRTCOELAEIATEV
EWROPIIE, ZhHEHRTHE L TCHIHERFAF 3
AWM T T ENDLIEDBDHBEBTHAE. T2,
a=0.0(e) D& & (0.5,0.5) BHEHL % 2%, r=00 &
THEZOBEAMISMERE Y, TR AF I 7 AHHR
FRELDY, HERTHoTHINTOEAMEDERIE
TRVORFEPEPPRLZWBITH L. 12721, (e)
137 =1000 & L7z NERIREED 1 KBRIHD 2@, (0.5,0.5)
WL E & % ) BUBEIER 412 TH 5 A7 (0.5,0.5) (UK
LTwab, DEDNRT A=l X 5 BHBEHDOZELIC
EB L IHEROGELIERS AT IV ADERLEVD
BARDEBREERBED. (g), (i), (e) D& ) iFEER
FAF I AOBINBRIELECOELLEESIL, T
NTOEFEIBENDBERE L L oTVWE I LIZERS
n7w,

[BIZE 2] E1, Exd%& b 9MBEET, #5048
HEBIT0 &% DEFREPHBONIMIZDH 254,

Ey(z!,22) =
Ex(zt,z?) =
BEREL LCRBIE L EFEMETH %, AEFES Dy,
D3 & ) $iAMICRET 561 TH 5.
R, GHEES D1, D LM, EHEELEA
EDOEHDOHFF, N7 b VI LEEHRB* Fig.5(a) I
RY. KB GBBES D1, D03 (0,1), (0.5,0.5),

(1,0) SRR HEF & 72 B A5, BEREE I ZODOFEAHE
HHEOD (0,1), (L,0) CPOEL, AAENFEELBOHYF L

(zl)2 — 1.5z + 22122
(28)

NN =

(af;z)2 —1.52% 422221

46 —



685

—0—0

(CRO N AR CED)

1.5

(c) @

/
/7 s o o

/
S N
. /

G o,

—~

4

/
SS —— —

~N
\

-0.5
—2.0

(f) e
(i)

2= WVEy T -7 ER L ZDEE)

2.0

—1.5

(b) a

\
. _ :
NI p

/fk\

NN~ = -

2.5

(a) @

WL - AT - B S - L HRNYEREROLOORPARAET VO

(h) @

(d) =10
=-1.0

(8) @

5000

4000
100

3000

t

(1) a=-0.5, 7

2000

1000

0

2000 3000 4000 5000

(k) o =—0.5, 7 =1000
— 47 -

1000

0
Fig. 4 Orbits and vector fields of the proposed N.N. for problem 1

=-2.5

() e




686 VAT AHIEERFRWNEE B 12% £ 115 (1999)
Table 1 Rational solutions sets and Nash equilibrium points of problem 1 (“[G]” denotes a global rational solutions
set or a global equilibrium point. “[L]” denotes local and not global ones.)
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Fig. 6 Orbits and vector fields of the proposed N.N. for
problem 3
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Table 2 Problems with an asymptotic stable Nash equilibrium point

Ei, D1 | (33a), (33Db), (33c), (33d),
E> Do {z|z! =0} {z|z1 =1} {z|z1 =1} {z|z! =0}
(34a), {z|z? =1} (0,1) (1,1) (1,1) (0,1)
(34b), {z|z? =0} (0,0) (1,0) (1,0) (0,0)
(34c), {z|z? =0} (0,0) (1,0) (1,0) (0,0)
(34d), {z|z?=1} (0,1) (1,1) (1,1) (0,1)

WD [0,1] R OWRICHEL, TR OEAE
BZOLbRATHYWELECTHSH. Tt Table 21

R

6. HMESHOBHE

FEWR RS — 2 I BT DY EMERETVEREL,
BB 2 KDL ZIENN. EJ2a— VTGS L

WECHAERBERSNLZ L 2R LE., L7054
FIVAD, BAEEITRTAOHEHRIPET LI L
Z, MALREMEICEVM@TL, BEYIaLb—var
WCEDHERLL. —h, MLV A+ I AL 3R %S
BINERIRED|NE LT, ¥RV E R DRLEHEHRL
OBEAMEROBMERE CHE WHEBOFE, T/-0H
BAEEFOFKHEBR~OPR S R SN,

HER D Hopfield B N.N. |2 & % 848301515 ORF%E % 1%
Lo, EEWLZTEY AT LADY A+ 37 A%, AR
DEMET A F I 7 ACHETWTHREFESNDE 2 EDEWN
B, BERERET VB CHWER L EICERS
ET, BINM IR BN HER LoD, MR DI
BEMAERO B R GIREBS L L, LV EELRT A4 F

S RAEAHMICREITAZ LN TELLEERAL. 10k
Z\E, WA BNy — v LT B LD R EMEEELE) s
%i%néﬁ,:o*a@#%i%mﬁA’§6 F7:
Grohizy  npRICOFEBEEMS H XA PHEO
EW%&@%MﬁM%T&%&B@,PA% 2 DY
A4+ I7 AL LTCAEMICHBRTE2LE2 5.

2 E XM

1) K8, #ili, WM EMERODOTLFEVa— V2o
TN FRy b T =7 EFEHGEE E R CEE D-I1, Vol. J75-
D-II, No. 11, pp. 1948-1958 (1992)

2) NE, BIEVa-MbZa—F VAR P EFLOREL
Z o EBEER D Ol BT HEE # KW ICE D-11,
Vol. J77-D-1I, No. 6, pp. 1135-1145 (1994)

3) hE, Bl : A Ak b0 247 0 —RMREEBKET VO
TV a2 VG BT HEREBEFRHEEA, Vol. J80-A,
No. 1, pp. 74-82 (1997)

4) Kosko B. : Bidirectional associative memories; IEEE
Trans. Systems,Man,Cybernetics, Vol.18, No. 1,
pp. 49-60 (1988)

5) J. F. Nash: Equilibrium points in N-person games;
Proc. Natl. Acad. Sci. USA, Vol. 36, pp. 48-49 (1950)

6) K SEMEWFOMEB, KM, H25 (1982)

7) H. I. Bozma: Computation of Nash equilibria: admis-
sibility of parallel gradient descent; J. Optimiz. Theo.
& Appl., Vol. 90, No. 1, pp. 45-61 (1996)

8) J. B. Rosen: Existence and uniqueness of equilibrium
points for concave N-person games; FEconometrica,
Vol. 33, No. 3, pp. 520-534 (1965)

9) M, H:=a—FNWhky M7= 22 & 5 &L ZDO%H
ERE— b ) — OO~ EHI L #I#0, Vol. 34, No. 5,
pp. 358-366 (1995)

10) M. Shiino, H. Nishimori and M. Ono: Nonlinear mas-
ter equation approach to asymmetorical neural net-
works of Hopfield-Hemmen type; J. Phys. Soc. Jpn.,
Vol. 58, pp. 763-766 (1989)

11) J. Hofbauer: On the occurrence of limit cycles in
the Volterra-Lotka equation; Nonlinear Anal., Theo.,
Meth. & Appl., Vol. 5, No. 9, pp. 1003-1007 (1981)

12) R. M. May and W. J. Leonard: Nonlinear aspects

of competition between three species; SIAM J. Appl.

Math., Vol 29, No. 2, pp.243-253 (1975)

A. Arneodo, P. Coullet and C. Tresser: Occurrence of

strange attractors in three-dimensional Volterra equa-

tions; Physics Letters, Vol. 7T9A, No. 4, pp. 259-263

(1980)

P. Schuster, K. Sigmund, J. Hofbauer, R. Gottlieb and

P. Merz: Selfregulation of behavior in animal societies

III. games between two populations with selfinterac-

tion; Biol. Cybern., Vol. 40, No. 1, pp. 17-25 (1981)

J. J. Hopfield: Neural networks and physical sys-

tems with emergent collective computational abilities;

Proc. Natl. Acad. Sci. USA, Vol. 79, pp.2554-2558

(1982)

R. Horie and E. Aiyoshi: Neural networks realization

of searching models for Nash equilibrium points and

their application to associative memories; SMC’98

Conf. Proc., pp.1886-1891 (1998)

13)

14)

15)

16)

it $%

152 1. HERRRILIERET LOKRIE

B Eph® (8) X 2 KRBT, HI#ES XP 25 (7R
DEHEIIDONWT, HEFPRERET IV (9) ROEH HTIZB
FBADOY 3 E4TF

— 50 —



T - 43 - L 4 — AR BRER O D ORMARREF VD= a— I iy h U= s ERE Z0O%H 689

J@) e S @)
J(@) = : (A1)
TP (@) - JPP (@)
D npxngDEWHATE JPI(E) DE (i,5) B>
@) = o [-g@) 2L | (A2)

ZRDEH. BEE,D LR B LU 2 BRMS 2

OFE
Bz;(w) _wa J+0p+ Z vaq 7 (A3)

i q=1,q#pj=
_0*Bp(z) :{“’ir p=4q (A4)
Bx? Bwf v;?]fl, p#q

i=1,-,np, p=1,-,P
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P _
579 — 1-2z; , z—] and p=gq (A6)
0 ,i#j or p#q

i:l,...’np, j:l’...,nq

EREBILDLD, ni=-.=np=1 D EEZ,
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